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1. INTRODUCTION 
Ya. D. Polovickii [6] has considered groups with &rnikoc corzjugaq* 
classes or CC-groups: these are the groups G such that G/C,(x’) is a 
Cernikov group for all s in G; clearly, subgroups and homomorphic images 
of CC-groups are CC-groups. This concept appears as a natural extension 
of that an FC-group, that is, a group in which every element has only a 
finite number of conjugates. A great deal is known about FC-groups (see 
[lo], e.g.) but only a little has been done on CC-groups. This paper is 
devoted to obtaining some information on the Sylow structure of a CC- 
group from a classical point of view; if p is a prime number and G is a 
group, in this paper by a SJJ~OW p-subgroup of G we shall exactly mean a 
maximal p-subgroup of G. In [S] Neumann proved that the Sylow p-sub- 
groups of an FC-group are locally conjugate. Our first main result shows 
that the same holds for CC-groups, generalizing Neumann’s result. 
THEOREM 1. The Sylorv p-subgroups of a CC-group are locally conjrigate. 
This has been proved in [2] for countable periodic CC-groups using 
ultraproducts. Our technical approach is different and will be explained 
below; in order to prove Theorem 1 we have been forced to use a 
generalization of the Kuros’ theorem concerning the inverse limit of a 
system of non-empty finite sets, namely the following: The inverse limit of 
an inverse system of non-empty compact topological T,-spaces and closed 
and continuous maps is non-empty and compact in the subspace topology 
induced by the product topology [S, 2.11. 
In general the Sylow p-subgroups of a CC-group G need not be con- 
jugate even if G is an FC-group. Indeed Kargapolov [4] has proved that 
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the Sylow p-subgroups of a periodic FC-group are conjugate if and only if 
they are finite in number. For CC-groups we have the following result 
THEOREM 2. The Sylow p-subgroups of a CC-group are conjugate if and 
only if they> are countable in number. 
Throughout, our group-theoretic notation is generally standard and is 
taken out from [7]. We shall freely use the most well-known properties of 
Cernikov groups, without any reference, and follow the topological 
approach set out and developed in [3]. If G is a residually Cernikov group 
by a separating filter base A” of G we shall mean a set of normal subgroups 
satisfying: (i) If NE A/“, then G/N is a Cernikov group; (ii) if L, ME A’, 
then there exists NE& such that NdLnM; and (iii)n{NINE,C.“}=l; 
as in [3], we shall call G a co-cernikov group relative to A’ and regard G 
as a topological space with (Hx~ XE G and there exists NE&” such that 
N< Hd G) as a closed sub-base. In this setting, every co-Cernikov 
topology on a Cernikov group G gives rise to its coset topology and G 
is a compact T,-space in the aforesaid topology ( [3] 2.1), and a 
homomorphism between two Cernikov groups, with coset topologies, is 
closed and continuous [3, 2.21. Furthermore, every co-Cernikov group can 
be embedded as a dense subgroup of a compact co-Cernikov group [3, 2.8 
and 2.91. 
This research was initiated by both authors in 1983 and would have been 
a part of the Dissertation of the first author had he not died in a tragic car 
accident; the second author continued the work and now wishes to 
dedicate the present paper to the memory of his dear friend and companion 
Jesus and to the memory of Jesus’ wife, Mar, who also died in the same 
accident. 
2. PROOF OF THEOREMS 
Polovickii’s Theorem of characterization of CC-groups assures that if G w 
is a CC-group then X’ is Cernikov by cyclic and [G, x] is Cernikov for 
every x in G (see [7, 4.361). These facts give the structure of the torsion 
part of a CC-group, which will be fundamental in what follows. 
LEMMA 1. Let G be a CC-group and let T be the set of all elements in G 
with jinite order. Then: 
(i) T is a (characteristic) subgroup of G. 
(ii) If X is a finite subset of G and S is the torsion part of Xc, then S 
is cernikov and XG/S is j-ree abelian of Jinite rank. Therefore T is locally 
normal and cernikov and G/T is a torsion-jree ab lian group. 
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ProoJ: (i) is clear from [7]. (ii) Clearly [G, X] is Cernikov and 
[G, X] d S. XG/[G, X] is a finitely generated abelian group so S/[G, X] is 
finite and then S is Cernikov. Moreover XG = S(X), so XG/S is a finitely 
generated and torsion-free abelian group and hence free. Thus T is locally 
normal and Cernikov and G/T is a torsion-free abelian group, since T 
contains G’. 
Proqf of Theorem 1. Let G be a CC-group and let C be the local system 
of G consisting of all XG, where X is a finite subset of G. Given a Sylow 
p-subgroup P of G and HE C we claim that P n H is a Sylow p-subgroup 
of H. If S is the torsion part of H, then S is a Cernikov normal subgroup of 
G by Lemma 1. Put L = PS and C = C,(S); since C is normal in P and 
centralizes S, it follows that C is normal in L. By [7, 3.291, P/C is 
Cernikov and so is L/C. Clearly P/C is a Sylow p-subgroup of L/C because 
C is a p-group; therefore (P/C) A (SC/C) is a Sylow p-subgroup of SC/C, 
(P n S)/( C n S) is a Sylow p-subgroup of S/( C n S), and so Pn S is a 
Sylow p-subgroup of S. As a torsion subgroup of H must be contained in S 
this yields that Pn S = P n H is in fact a Sylow p-subgroup of H, as 
claimed. 
Now let P and Q be two Sylow p-subgroups of G. If HE C, we have just 
seen that P n H and Q n H are Sylow p-subgroups of H, in fact of its tor- 
sion part, so they are conjugate in H. Let A, be the set of automorphisms 
x of H induced by inner automorphisms of G and such that 
(P n N)” = Q n H; clearly 4, is not empty. If D = C,(H), then -4, is a 
coset of N,(Pn H) D/D in G/D and, when GjD is endowed with its unique 
co-Cernikov topology, 4, is closed in G/D; since G/D is compact, it 
follows that A, is a compact T,-space. If H, KE C and H d K, we define 
fKH: AK --+ -4 H to be the map given as follows: If CY E AK, then f&a) is the 
restriction of c( to H; clearly fKH is the restriction to A, of the natural 
homomorphism G/C,(K) -+ G/C,(H), hence it is a closed and continuous 
map of topological spaces. Thus (A,,f,, 1 H, KE C, Hd .K)- is an inverse 
system of non-empty compact topological T,-spaces and closed and con- 
tinuous maps and so its inverse limit A is not empty by [g, 2.11. If (uH) is 
an element of -4, we define CI: G + G by xa = xaH, if x E H. Obviously a is a 
wellTdefined locally inner automorphism of G such that (P n H)” = Q n H, 
for every HE 2-. Therefore P” = Q. 
As a consequence, we obtain that the Sylow p-subgroups of a CC-group 
are well behaved with respect to normal subgroups, homomorphic images 
and intersections, at least in the periodic case, which will be useful in the 
sequel. 
COROLLARY. Let G be a periodic CC-group and let P be a Sylow p-sub- 
group of G. 
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(i) If N is a normal subgroup of G, then P n N (respectively, PNjN) is 
a Sylow p-subgroup of N (of G/N) and all Syloro p-subgroups of N (of G/N) 
have this form. 
(ii) rf {NiliEI} is a family of normal subgroups of G, then 
n {PN,~i~I}=P(~ {N,liEI}). 
Proox (i) is straightforward and we omit proof. (ii) By (i) we may 
assume that n (NJiEI)=l. Put Q=n (PN,liEI); clearly P<Q and 
PN, = QN, for every i E I. Hence Q/( Q n Ni) is a p-group so Q is residually 
a p-group. Since Q is periodic, it follows that Q is in fact a p-group. Hence 
P=Q. 
The proof of Theorem 2 needs some auxiliary results concerning to 
several features of CC-groups. 
LEMMA 2. A subgroup of a CC-group G cannot be conjugate to a proper 
subgroup of itseljY 
ProoJ: Let H be a subgroup of G such that H” < H for some x E G. 
Given h E H there exists an integer n > 1 such that [x”, h] = 1, since 
G/C,(hG) is periodic, and therefore h = h”‘E H-‘. Hence H= H”. 
LEMMA 3. Let G be a CC-group satisfJ)ing Min-p, the minimal condition 
on p-subgroups. Then the Sylow p-subgroups of G are conjugate and theJ1 are 
countable in number. 
ProoJ Let P be a Sylow p-subgroup of G; by Lemma 1 and our 
hypothesis, P is a Cernikov group. Let R be the semiradicable radical of G, 
that is the largest semiradicable normal subgroup of G (see [7, Part 2, 
p. 1231). If D is the radicable part of P, then D d R and so DG d R. If 
x E D, then R/C,(x’) is abelian, since it is Cernikov and semiradicable, and 
this yields that xG is nilpotent and so a p-group. Hence DG is a p-group so 
D d O,(R). If F is a finite subgroup of P such that P= DF, then 
Pd PO,(R) so the latter contains any Sylow p-subgroup of G by 
Theorem 1. It is obvious that O,(R) is contained in any Sylow p-subgroup 
of G and so P/O,(R) is a Sylow p-subgroup of pO,(R)/O,(R). Hence the 
result follows, since the latter is a Cernikov group. 
For the next result we keep the notation of [3]. Given a residually 
Cernikov group G, we think of G as a co-Cernikov group relative to a 
given separating filter base, say X = {H, I i E I}, and assume that Z has been 
ordered by: j > i if and only if HI < H,. By the results of [ 31, G can be 
embedded as a dense subgroup of a compact co-Cernikov group L relative 
to the separating filter base 9 = (L, 1 i E 1} consisting of the topological 
closures of the members of H; by density L = GL, for every i E I. 
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LEMMA 3. With the above hypothesis, if G is furthermore a periodic 
CC-group, then 
(i) G is normal in L and a locally inner automorphism of L induces in 
G an automorphism, \vhich is locally inner. 
(ii) if S is a subgroup of G and ,l’e are given elements x, in G and 
subgroups S, of G, ie I, satisllling (a) Si= H,S”j for every ie I, and (b) 
S, = H,S, if j> i, then there exists a locally inner automorphism CI of G such 
that S, = H,S” for every i E I. 
ProoJ (i) If x E G, then X’ is Cernikov and so closed in L; it follows 
that N,(sG) is also closed in L and, since G normalizes xG, L=N,(x’). 
Hence G is normal in L. In order to show that a locally inner 
automorphism of L induces in G a locally inner automorphism, it suffices 
to see that the automorphism CI induced in G by conjugation by some z E L 
is locally inner. Given a finite subset X of G, by [3, 2.131 there exists i E I 
such that H, d C,(X’) and so L, < C,(X’). Thus for each x in X one has 
xz=xz for some ZE L, and z =gy where g E G and y E L,. Therefore 
xx = xg, and a is locally inner. 
(ii) For each iE 1, through the inclusion of G in L, G/H, is isomorphic to 
L/L, and we denote by RJL, the image under that isomorphism of S,/H,. 
TllenR,=LiS,,S,=R,nGandRi=LiR,.wheneveri,jEIandj3i.Given 
ieZ, let A,= {z EL/R, = L,S’}; it readily follows that each Ai is a non- 
empty closed subset of L and the family {-411 i~1) has the finite intersec- 
tion property. Since L is compact, there exists some z E n (Ai1 iE I). By (i) 
z induces in G a locally inner automorphism, say LX, and it is easy to see 
that S, = H,S”, for every i E I. 
Proof of Theorem 2. Let T be the torsion part of G; by Lemma 1, T is 
locally fmite and, clearly, T and G have the same set of Sylow p-subgroups. 
We first assume that G has only countably many Sylow p-subgroups; 
replacing G by T, we may also assume that G is locally finite. If H < G, 
then every Sylow p-subgroup of H is contained in at least one Sylow p-sub- 
group of G and no two distinct Sylow p-subgroups of H can lie in a single 
Sylow p-subgroup of G. Thus every subgroup of G has countably many 
Sylow p-subgroups and then the Sylow p-subgroups of G are conjugate 
(see Eli)- 
Conversely, we assume that the Sylow p-subgroups of G are conjugate 
(in G). We claim that they are also conjugate in T. For, let P and Q be 
Sylow p-subgroups of G such that Q = P”, for some x E G. If S is the tor- 
sion part of xc, then PS= QS. If C= C,(S), just as in Theorem 1, PS/S is 
Cernikov and P/C and QC/C are Sylow p-subgroups of it, so there exists 
11 E PS such that QC = P’. Then Q = P” d P? and so P” = P”, by Lemma 2. 
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Note that y E T, so P and Q are conjugate in T, as claimed. Thus, replacing 
G by T, we may assume that G is locally finite. 
We suppose that the set of Sylow p-subgroups of G is uncountable. In 
order to get a contradiction, we may replace G by G/Z(G), where Z(G) is 
the centre of G, and so assume that G is residually a ternikov group; thus, 
if 52 is the set of all normal subgroups K of G such that G/K is Cernikov, 
then the intersection of all members of s2 is trivial. 
Let P be a Sylow p-subgroup of G. We claim that we may construct two 
infinite decreasing chains of subgroups of G, say G = Ho > H, > . . > 
H,, > . . . and G = P,, > P, > . . . > P,, > . . . with the properties: 
(a) H, is normal in G and G/H,, is Cernikov, 
(b) H,, < P, and P,, = H, P”*, for some -xn E G, and 
(c) P,nP#P,.,nP, 
for every IZ > 0. We construct such chains inductively, starting from 
G = Ho = P,. If H, and P,l have previously been defined, we choose x E P, 
and HE !J such that H d H,, and P,, n P # HP”*” n P; if that is possible, 
then, letting H,, + i = H, x,, , = x,,.x and P, +, = H,, + , P”n+i, our construc- 
tion will have been carried out. If the above is not possible, then there 
exists some n such that P,, n P = HP’“’ n P, for every x E P, and HE Q 
such that H < H,. Taking intersections, when x runs P, and H runs 8 with 
H< H,,. and having in mind (ii) of the Corollary, we easily get P,, n P = 
N n P, where N is the core of Pvn in P,, ; in particular H, n P < N. Let 
12 E H,, n Pxn. One has h = yy for some y1 E P and so yI E P”y therefore 
11 = y p bZ where y?. E H, A P. If r is the order of x,,, one gets h =J$~.” = 
y,. E H, n P. Hence H,, n Pxti < N and so P”“/N is a Cernikov group. It is 
clear that Pxn/N is a Sylow p-subgroup of PJN so PJN satisfies Min-p. By 
Lemma 3, PxH/N has countably many conjugates in Pm/N and, since the 
index 1 G: P, 1 is countable, this yields that P”” has only countably many 
conjugates in G. This contradiction shows that our construction may be 
carried out. Note that P, H,, = P,, whenever m > n, since P, HJH, and 
P,,/H, are Sylow p-subgroups of G/H,. 
Put H = n {H, 1 n 2 1 }; clearly H is a normal subgroup of G and we note 
that the above construction remains true modulo H. So, from now we 
assume H= 1. Thinking of G as a co-Cernikov group relative to 
YF = (H, I n 2 11, by Lemma 4 one gets a locally inner automorphism CI of 
G such that P, = H,, P’ for every n > 1. Since P” is a Sylow p-subgroup of 
G, one has Pm = P” for some x E G by our hypothesis. By (ii) of the 
Corollary we get Q = n (P, 1 n 2 1 } = P”. If C= C,(xG), it is clear that 
CQ Q n P and then we have an infinite decreasing chain 
P>P,nP>-.->P,nP>-.. > Q n P > C of subgroups lying between C 
and P; since P/C is a Cernikov group, this yields a contradiction and 
therefore Theorem 2 is proved. 
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It may be worthwhile noting the following fact which is an immediate 
consequence of Theorem 2 and Kargapolov’s Theorem: an X-group can- 
not have a countably infinite number of Sylow p-subgroups for any prime 
p. Actually that result also follows from [93 Theorem B. 
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